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DIMENSION OF THE BOUNDARY IN DIFFERENT METRICS 



RIKU KLEN AND VILLE SUOMALA 



Abstract. We consider metrics on Euclidean domains Q C M" that are in- 
duced by continuous densities p: $1 — > (0,oo) and study the Hausdorff and 
*vj ■ packing dimensions of the boundary of $1 with respect to these metrics. 
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1. Introduction 



ff^ ■ Let ri C M" be a domain. For x,y G fl, we denote by d{x,y) the internal 

K*" [ Euclidean distance between x and y defined as 

00. 

O- d{x,y) =mie{j), 

00' 

where the infimum is taken over all rectifiable curves in il with endpoints x and y 
ly-j ■ and £ refers to the standard Euclidean length. It is well known and easy to see that 

f^ \ d defines a metric on fl called the internal metric. Furthermore, we may extend 

^3 ■ this metric to the internal boundary dftd — ild\^, where fl^ is the standard metric 

completion of il with respect to d. 

Let p: V, ^- {0, oo) be a continuous function. We define the p-length of a rectifi- 
k> , able curve 7 C 1^ as 

^: ip{-f) ^ J p{z)\dz\ 

where \dz\ denotes integration with respect to arclength. The p-distance between 
x,y £ Q is then given by 

dp{x,y) =inf£p(7), 

7 

where the infimum is again over all curves joining a; to y in Q. This defines a metric 
on f2 and as with the internal metric, we may extend it to the p-boundary of Q 
defined as dpH, = flp\fl, where fip is the standard metric completion of il with 
respect to dp. Observe that the internal metric d corresponds to dp for the constant 
function p = 1. 
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2 RIKU KLEN AND VILLE SUOMALA 

Thus, given p as above (a density in what follows), we have two complete metric 
spaces {^did) and {flp,dp) which need not be topologically equivalent. For sim- 
plicity, however, we only deal with cases in which dpfl may be naturally identified 
with a metric subspace of dftd- 

In this paper, we will consider dimp(9pJ7) and Dimp(3p57), the Hausdorff and 
packing dimensions of dpfl with respect to dp (For more comprehensive notation 
and definitions, we refer to Section [5] below). Classically, this sort of problems arise 
in connection to harmonic measures and the boundary behaviour of conformal maps 
[SI ini [131 E IZ] • In that setting, p= |/'| for a conformal map / and dp corresponds 
to the internal metric on the image domain. The Hausdorff dimension, dmip{dpfl), 
has been analysed also for a much larger collection of so called conformal densities 
on the unit ball B" C M". See [U [I] [TT]. Although we provide some estimates 
in the setting of conformal densities, our main goal is to study general densities 
defined on John domains in R", and to provide tools to estimate the values of the 
dimensions dimp(9p51) and Dimp(9p57). Because of this, our methods are perhaps 
more geometric than analytic. 

Given A C Qd, we denote by d{x, A) — miaeA d{x, a) the internal distance from 
X to A and, moreover, abbreviate d{x) — d{x,dfld)- Of course, d{x) is just the 
Euclidean distance to the boundary of fl. 

Let us consider the following simple example: Suppose that il C R" has smooth 
boundary, — 1 < /3 < 0, and define a density p{x) — d{x)^ . Then it is well known, 
and easy to see that dpV, is a "snowflake" . More precisely, dp{x, y) « d{x, y)^"*"^ for 
all a;, y G dpVt. Thus, the effect of p on the dimensions of the boundary is described 
by a power law 

Dim<i(9rirf)/Dimp(apri) = A\n\d{dVld)l A\n\p{dpVL) = 1 + \ogp{x)/\ogd{x). 

Keeping this example in mind, it is now natural to consider (the upper and lower) 
limits of the quantity log p{y) / log d{y) as y approaches the boundary of fi. Under 
sufficient assumptions, this leads to multifractal type formulas for the dimension of 
dpVi. For instance, we obtain the following result. 

Theorem 1.1. Let f2 C R" be a John domain and p > c > a density. Suppose 
that 

i[x) = hm — - 

yen.y^x loga(y) 

exists at all points x G dfld and satisfies i{x) > — 1. Then 

dimp{dpn) ^ sup (1 + 13)-^ dim^da; £ d^d : i{x) < /?}) 

/3>-l 

An analogous formula holds for the packing dimension. 

This theorem is a simple special case of a more general result. Theorem 14.21 and 
it can be used to obtain a formula for the dimensions dim.p{dpil.) and Dimp(9pf7) in 
many situations. A generic case is the following: il = B", C C 9B" is a Cantor set 
with < dim^ C < Dim^ C < n and p{x) — d{x,C)'^ for some /3 > — 1 (Example 

In Theorem 1 1.1[ there is an annoying lack of generality since we have to consider 
inner limits in the definition of i{x). The situation is different if we know that the 
distance dp{x,y) between points x,y e dpfl is reahsed along curves that are "non- 
tangential" . If the density satisfies a suitable Harnack inequality together with a 
Gehring-Hayman type estimate, then it is enough to consider limits along some 
fixed cones. For conformal densities, for instance, we may replace the quantity 
i{x) by a radial version k{x) = lim(-|-i log/5(te)/log(l — t); see Section [5] where we 
actually consider upper and lower limits as i f 1- 
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Section [5] contains several examples and some open questions. Most notably, in 
Example 16.31 we construct a new nontrivial example of a conformal density with 
multifractal type boundary behavior. 

As our results indicate, a careful inspection of the power exponents and the size 
of certain sub and super level sets of these quantities can be used to study the 
dimensions dmip{dpfl) and T)mip{dpCl). Although the main idea in most of our 
results is the same, it is perhaps not possible to find a general statement which 
would fit into all, or even most, of the interesting situations. Often, a suitable case 
study and a combination of different ideas is needed in order to deduce the relevant 
information (for instance, see Examples 14. 71 15^ and l6.3p . We strongly believe that 
the ideas we have used can be applied also elsewhere, beyond the results of this 
paper. 



2. Notation 

Let fl C K." be a domain. For technical reasons, we want to be able to naturally 
identify dpQ with a subset of dQd- To ensure this, we assume throughout this paper 
that for all sequences (xi), Xi G il, the following two conditions are satisfied: 

(Al) If (xi) converges in Qp, then it converges in Qa- 

(A2) If (xi) converges in fi^, it has at most one accumulation point in dp^. 

In other words, (jAll) means that the identity mapping {fl,dp) -^ {^,d) has a 
continuous extension f '■ ^p — > ^d and, furthermore, (jA2p means that this / is 
injective. 

Definition 2.1. A density is a continuous function p: fl ^>- (0, cx)) satisfying (jAip 
and (jA2p . For simplicity, we also require that dpil ^ 0. 

Whenever we talk about a curve 7, we assume that it is rectifiable, is arc- length 
parametrized, and that 7(t) £ fi for all < t < i{'j) (the endpoints may or may 
not belong to di^d)- Note that the internal length of a curve equals the Euclidean 
length of the curve. We say that 17 C K" is an a- John domain for < a < 1, if 
there is xq G ri such that all points x G Ct may be joined to xq by an a-cone, i.e. 
by a curve 7 joining x to Xq such that d{'j{t)) > at for all < t < ^(7). If a is 
not important, we simply talk about John domains. Let 7 C fi be a curve. We say 
that 7 is an a-cigar if 

(2.1) d{-f{t)) > a mm{t, £(7) - t} for all < f < ^(7). 

For technical purposes, we define an a-distance between points x,y € ^ as 

da{x,y) = inf^(7) 

7 

and this time the infimum is taken over all a-cigars 7 joining x and y. It is easy 
to see that if f2 is an a- John domain, then any two points x,y € fid niay be joined 
by an a-cigar. Thus da{x,y) < 00 for aU x,y £ fid- Note however that da is not 
necessarily a metric since it may be infinite and even if it happens to be finite, it 
may fail to satisfy the triangle inequality. 

Let X = {X,dx) be a separable metric space. We denote balls Bx{x,r) = {y G 
X : dx{y,x) < r} and spheres Sx{x,r) = {y £ X : dx{x,y) = r}. Given A C X, 
we define its s-dimensional Hausdorff and packing measures, fix (A) and Vx{A), 
respectively, by the following procedure: 
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H^^(A) = inf < ^ diamx {AiY : A C [J Ai and diamx (Ai) < e for all i 



iei> 



n^AA)=lunn'x'{A), 

eJ-O 



P^^{A) = sup < y^ rl : {Bx{xi, r^)} is a packing of A with r.; < e 



Pi(A)=limP^'^(A), 



n(^)=inf E^i(^^)^^cUA,; 



= 1 1=0 



where < e, s < oo and a packing of ^ is a disjoint collection of balls with centres 
in A. We define the Hausdorff and packing dimensions of A C X, respectively, as 

dimx(A) = sup{s > 0: UxiA) = oo} = infjs > : UxiA) = 0}, 
Dimx(A) = sup{s > 0: VxiA) = oo} = inf{s > : VxiA) = 0}, 

with the conventions sup0 = 0, inf — oo. 

When the domain Vt C IR." has been fixed, we use all the notation introduced 
above with the subscript d when referring to the internal metric. Moreover, given a 
density p: 51 -^ (0, oo), we use the subscript p to refer to the corresponding notions 
in terms of the metric dp. For example, given a; G ri^, y S fip, and r > we have 
Bd{x,r) = {z &^d '■ d{z,x) < r} and Sp{y,r) — {z e Qp : dp{z,y) — r}. We also 
use the notation Ba{x, r) for balls in terms of the "distance" da- When referring to 
"round" Euclidean balls we use a subindex e, so Be{x, r) = {y G M" : \y — x\ < r} 
where | • | is the usual Euclidean distance. We also denote B" = Be{0, 1) C M" 
and 5""^ = 5e(0, 1) C M". Observe that if yl C Tip, both notations diam<i(A) and 
diamp(A) make sense, since by (lAip and (|A2p . iix,y G A, then d{x, y), dp{x, y) < oo 
are well defined. 

To finish this section, we introduce various limits that are used later to obtain 
dimension bounds for dpi^. For a domain fi C M", a density p and x G dftd, we 
define 

(2.2) z-(.).liminf;^, .+ (.)= lim sup j^, 

v^x logd(y) y^x logd{y) 

y<=" yen 

where the limits are considered with respect to the internal metric. Observe that 
i'^{x) > —1 for all x G dpil, but i~{x) does not have to be bounded from below. 
For a domain fl C M", a density p and f3 > —I, we define 

(2.3) d+{/3) = dimd{x G dpQ : i+{x) < l3}, 

(2.4) D+{I3) = Bimdix G dp^ : i+{x) < ^}, 

(2.5) d~{l3) = diuidixedpn : r{x) <I3}, 

(2.6) D~{P) = Bimdix e dpn : i-{x) <P}. 
For a density p on B" and x G S*"^^, we set 

logp(rx) ,„+/^N_i: logp{rx) 



(2.7) fc (.T)=liminf- — -, fc (x)=limsup, 

^ ^ ^ ^ rti log(l - r) ' ^ ^ ,ti log(l - '^) 

Note that for n = B" we have r{x) < k-{x) < k+{x) < i+{x) for x G S'""^ 

Occasionally, we need to make the following technical assumption for the metric 
dp-. 
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p density: A continuous p: 57 — > (0, oo) satisfying (lAip and (|A2p 

ip (7) the p- length of a rectifiable curve 7 

d internal metric 

dp p-metric 

da a-distance 

d(x) Euclidean distance from x to the boundary 

Bfi{x, r), Sd{x, r) ball and sphere with respect to the internal metric d 

Bp{x, r), Sp{x, r) ball and sphere with respect to dp 

Be(x, r), Se{x, r) ball and sphere with respect to the Euclidean distance 

Ba{x, r), Sa{x, r) ball and sphere with respect to da 

dinirf Hausdorff dimension with respect to d 

Dimd packing dimension with respect to d 

dimp Hausdorff dimension with respect to dp 

Dinip packing dimension with respect to dp 

D.d metric completion of J7 with respect to d 

d^d internal boundary 51^ \ J7 

Qp metric completion of fl with respect to dp 

dpfl p-boundary Clp \ dpfl. 

i , k limits used for dimension bounds 

Table 1. Notation. 



Assumption 2.2. For each x e dpil and each e > 0, there is r > such that for all 
y € Bp{x, r) there is a curve 7 joining x to y in fl such that h{'j) > d{x, yY^^ and 
tph)<dp{x,yY~-. 

Here h(^) — sup^^..^ d(y) is the maximal distance of 7 from the boundary (the 
"height" of 7). This assumption should be understood as a very mild monotonicity 
condition with respect to d{x). It is used to obtain dimension lower bounds for the 
part of dpQ, where z+ > 0. Close to such points, it is hard to obtain lower estimates 
for the p- length of curves that stay very close to dO,. In fact, if the condition (|2.2p 
fails, it may happen that dimp9pf7 = D'vaipdpVt =^ even if il is a half-space, 
dmiddp^ > 0, and i+ is uniformly bounded. See Example 14.61 

The assumption 12 .21 is a natural generalisation of the Gehring-Hayman condition 
valid for conformal densities, see (15. 3p . 

We summarise our main notation in Table [TJ 

3. Preliminary lemmas 

We start by recalling the following simple lemma giving estimates on expansion 
and compression behaviour of Holder type maps. 

Lemma 3.1. Suppose that Z and Y are separable metric spaces and let f : Z ^ Y, 
< S < 00 and X C Z. 

(1) If for each x (z X there are < rx,Cx < 00 so that f{Bz{x,r)) C 
Byifix), Cxr^) for all < r < r^, then 

(3.1) 5dimy(/(X))<dimz(X), 

(3.2) (5Dimy(/(X)) <Dimz(X). 

(2) If for each x E X there are < Cx < 00 and a sequence rx.i > such that 
lim^^oo rx,i = and f{Bz{x,rx,i)) C BY{f{x),Cxrli) for alii, then 

(3.3) (5dimy(/(X)) < Dimz(X). 
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Proof. The proof of p.ip is standard. We give some details for p.2p and 
To prove p.2p . we first observe that X = UneN"''^" where 

Xn^{xeX : f{Bzix,r)) C BY{f{x),nr^) for aU < r < 1/n}. 

Let < e, s < cxd, A C X,i and suppose that BY{xi,ri), ? e N is a packing of 
f{A) so that Vi < min{e, n^^'^} for each i. If y^ G yl n f~^{xi} it fohows that 
f{Bz{yi,n'~^^^r,-' )) C BY{xi,ri) (note that there can be more than one yi with 

fiVi) — Xi, choosing any of them wiU do). Thus, Bz{yi,n^^^^r/ ) is a packing of 
A. Letting e ; 0, tliis implies P^{f{A)) < n^P^^^A) for all A C X^. As A C X„ 
is arbitrary, we also get Vp{f{Xn) < n^Vz^{Xn), in particular Dimy(/(X„)) < 
Diraz{Xn)/S. The claim (|3.2p now follows as X = U„gNX„. 
In order to prove p.3p . let 

X„ = {x e X : f{Bz{x,r.j,^i)) C BY{f{x),nrl^^) for some sequence rj;,^ J, 0}. 

Then X = UngN-'^n- Choose ^ C X„ and fix s,e > 0. Applying the standard 
5i?-covering theorem (see e.g. ^^ Theorem 2.1]) to the collection 

B = {BYifix), nr^) : xeA,0<r<e, f{Bz{x, r)) C By (/(a;), n/)} 
we find a pairwise disjoint subcollection {BY{f[xi),nrl)}i of B so that f{A) C 
Ui-By(/(a;i),5nrf). As {-Bz(a;i,ri)}i is a packing of A, we get -Hy/*'^"" (/(A)) < 
{bnY/^Pz'\A) and letting e | 0, n'^\f{A)) < (5n)*/'^>|(A). As A C A:„ is 
arbitrary, we also get n'J\f{Xn)) < (5n)"/'^P|(A:„) and finally dimy(/(X)) < 
Diniz{X)/S since X = Unefi^n- O 

Below, we give a variant of Lemma l3. II in terms of the metrics d and dp. 



Lemma 3.2. Suppose that Vl C M" is a domain and p; il — >■ (0, oo) is a density. 
Let A C dpft and < S < oo. 

(1) If 

^.^^^.^^log(diam,(i?,(:.,.)))^^ 

rio log r 

for all X (^ A, then Sdmip(A) < dimrf(A) and dDmip(A) < Dinirf(yl). 

(2) If 

hminf ^°S('^'^^'^'iiBpix,r))) ^ ^ 
rio log r ~ 

for all X £ A, then dimp(yl) > 6dmid{A) and Dimp(A) > 6Dmid{A). 

(3) If 

log(diamp(Brf(a;,r))) 

lim sup -^ > 

r\.o log r 

for all X £ A, then 6dmip{A) < DiuidiA). 

(4) If 

log(diam<i(Bp(a;,r))) 

lim sup > 

no logr- 

for all X £ A, then Dimp(A) > Sdmid{A). 

Proof. All the claims (Il])-(l4]) follow easily from Lemma [3T] applied to the mapping 
/: (flp^d) — >■ (J7p,dp), X 1-^ X and its inverse. To prove ([1]), for instance, fix A < (5. 
Then for all x € A, there is r^^ > so that Bd{x, r) C Bp{x, r^) when < r < r^. 
Thus, Lemma [3TT] O implies Adimp(A) < dimd{A) and ADimp(A) < Dimd{A). 
Letting A t (5, yields ^. D 

We end the preliminaries with the following lemma. 
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Lemma 3.3. For allQ < a <1 and rt G N, there exists constants N = iV(Q;, n) G N 
and c = c(a) < oo so that for all a-John domains Q C M" the following holds: 
For all X Cz ^d o,nd r > 0, there are points xi, . . . ^xn G ^d so that Bd{x,r) C 

Proof. For all y G Bd{x, r), let jy be an a-cone that joins y to xq, where xq G fi is 
a fixed John centre of Jl. Moreover, we let 

Ay ^ {z eft : d{z,^y{t)) < ft for some <t < iijy)}. 

We may assmne that d{x, xq) > 2r since otherwise Bd{x, r) C Ba{xo, 2r). 

We first claim that ii y,z G Bd{x,r) such that Bd{x,2r) tl Ay H A^ ^ 9, then 
y and z may be joined by an (a/2)-cigar 7 with £(7) < c{a)r. For this, we may 
assume that d{x) < 2r as otherwise the Euclidean line segment joining y to z 
suites as 7. Assume that w G Bd{x,2r) H Ay H A^ and choose iy,iz > so that 
d{w,jy{ty)) < fty ond d{w , ^ z [t z)) < ftz' L^t 7 denote the curve which consists 
of 7y\o<t<ty, 7z|o<t<tj and the two (Euclidean) line segments joining w to Jy{ty) 
and 7z(tz). As (iy + jty)f < aty — jty (and similarly for t^), it follows that 7 
is an ^-cigar. Now Be{w, ^aty) C fi, Be{w, ^at^) C il hy the a-cone condition. 
Combining this with the fact (i(w) < \w ~ x\ + d{x) < 4r implies ty,tz < ^r and 
consequently 

eh) < (1 + f ) ih + tz)<(^ + Ar^ ^^"^'^- 

Let a:i,...,a;Ar G Bd{x,r) be such that Bd{x,2r) OAx- H A^;. = whenever 
i ^ j. It suffices to show that N < N{n,a). For each i, let yi — ^xi{r). Then 
Bdiyi^ar/S) — Be{yi,ar/3) C Aj;. D Bd{x,2r) and a volume comparison yields 
N{ra/3y^ < 2"r" implying the claim for N{n,a) — (6/q:)". D 

Remark 3.4. A subset of the boundary of a John domain has the same Hausdorff 
dimension both in the internal and the Euclidean metric. Indeed, it follows as 
in the above proof that for any x which is an Euclidean boundary point of il, 
the set Be{x,r) il may be covered by A^ = N{a,r) balls of radius c{a)r in the 
internal metric. A slightly more detailed argument implies a similar statement for 
the packing dimension. 

4. Dimension estimates on general domains 

We first derive some straightforward dimension bounds arising from the local 
power law behaviour of the density p near (90. For the definition of i~{x) and 
i~^{x) recall (j2.2p . The relevant assumptions are slightly different for the upper and 
lower bounds, and also depend on the sign of i"^ . Roughly speaking, the positive 
values of i^ correspond to expansion behaviour (of dp compared to d), whereas the 
negative values are related to compression of dimensions. If we aim to find the 
exact values of dinip(3pr2) and Dmip(dpQ), then we are usually more interested in 
the set where i are negative. 

Lemma 4.1. Suppose that fl C M", p is a density on fl, f3 > —1, A C {a; G dpfl : 
i+{x) < P} and B C{x edpfl : i-{x) > f3}. 
///3 < or if Assumvtion [27B holds, then 

(1) (l + ^)dimp(A)>dimrf(v4), 

(2) (l + ;3)Dimp(A) >Dim<i(A). 

If ^ is a John domain, or if (3 > 0, we have 

(3) (l + /3)dimp(S)<dim<i(S), 

(4) (l + /3)Dimp(S)<Dimrf(S). 
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Proof. Assume first that /3 < and choose /? < s < 0. Now, for all x ^ A, there 
is g > so that p{y) > d(y)* for aU y G Bd{x,q). Let r < ((7/2)^+'* and choose 
y G Bp{x,r) such that d{x,y) > dianid(i?p(x, r))/3. Also, let 7 be a curve joining 
X to y such that ip{'y) < r. Then 7 C Bd{x,q) as otherwise there is a curve 
7' C 7 n Bd(x, q) connecting x to dBd{x, q), and then 

^p(7) > iph') = / p{z)\dz\ > I d{Mt)ydt > i{iY+^ > q'+\ 

which is impossible. Now p{z) > d{zY for all z G 7 and combining this with the 
fact ^(7) > d{x,y), we obtain 

This yields diamd{Bp{x,r)) < 3d{x,y) < Qr'^-^'^^+^K As this holds for all < r < 

(g/2)i/(i+"), we get 

(4.1) ^.^^.^^logdiam,(i3,(x,r))^ 1 



rio log r 1 + s 

for all X € A. 

Assume now that s > (3 > and that Assumption 12.21 holds. Let x E A, e > 0, 
y G flp. If dp{x, y) is small, then Assumption 12 . 2 1 gives a curve 7 joining a; to y with 
^(7) > d{x,yy~^^ and ^p(7) < dp{x,yy~^. Thus, for r > small enough, and all 
y G Bp{x, r), we have 

dp(x,y)i-^ >^p(7) = f Piz)\dz\ > h{^){h{^)/2Y > 2-^d(x, y)(i+^)(i+^) 

for some curve joining x and y. This shows that under Assumption l2.21 (|4.ip holds 
true also if /3 > 0. The claims ([T]) and ([2]) now follow using Lemma [3.21 ^ and 
letting s i 13. 

In order to prove the claims Q and (U) , in view of Lemma 13.21 ((1} , it suffices to 
show that 

(4.2) ^■^.^^ logdiamp(i?,(.,r)) ^^^^ 

rio log r 

for all X £ B. Let x £ B and s < /3. Then there is g > so that p(j/) < ^(2/)" for 
all y G Bd{x, q). Let r < g/(2c+ 1), where c = c(a) < cxo is the constant of Lemma 
13.31 and where a > is such that f2 is an a- John domain. By Lemma 13.31 we find 
Xi, . . . ,xn e Bd{x, (c+ l)r), N = N{n,a), such that Bd{x,r) C Uj=i -Sq/2 (a;^, cr). 
Let Xi G {a;i, . . . ,XAr} and ?/ G Ba/2{xi,cr). Then there is an (a/2)-cigar 7 
joining x^ to y with £(7) < cr. Assume that s < 0. Since r < q/{2c + 1), we have 
p(7(i)) < d{j{t)Y < a' min{i,£(7) - <}" for all < i < £{j) and thus 

/• /•^(7)/2 

dp{xi,y) < / p(z)|dz| < 2a" / t''' dt = a %)^+" < ci+"ciri+'' 

J7 Jt=o 

giving diamp(i3Q/2(3^Ji ^)) ^ 2 • c^'^'^cir^^'^ — C2r^^'^ , where C2 < 00 depends only 
on a, n, and s. As Bd{x, r) is connected, we arrive at 

N 

(4.3) diamp(Brf(a:;,r)) < ^ diamp(B„/2(a;,, cr)) < Nc2r^+'. 

i=l 

If s > 0, we arrive at the same estimate by using the trivial estimate p{z) < (.{'^Y 
for all z G 7. Since (|4.3p holds for all sufficiently small r > and s < /3 is arbitrary, 
we get (g^H). n 
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Next we will use the Lemma 14.11 to obtain multifractal type formulas for esti- 
mating the dimension of dpil. To recall the definitions of rf^(/3) and D^{13), see 
(12:311- (12:61). 



Theorem 4.2. Let Q C M" be a John domain, and p a density on U, so that 
Assunivtion \2.2\ is satisfied. Then 

(4.4) dhnpidpn) > sup ^-^, 

(4.5) Dimp(5pl7) > sup ^^^, 

0>-l -L + p 

(4.6) dimp (dpQ n {x : r (x) > -1}) < sup ^-^, 

(4.7) Dimp (dpn n {x : r (x) > -1}) < sup ^^-^■ 

I3>-1 1 + P 

Proof. Let us prove (|4.4p and (|4.6I) . The other estimates are obtained similarly 
with the help of the corresponding statements of Lemma 14.11 Let 

/5>_i H-/:i 

and pick /? > — 1 such that dim^ja; £ (Jpfi : i+(x) < /3} > s(l + (3). Combining 
this with Lemma 14.11 ([ij gives 

dimp (9pJ7) > dimpja; G 9pr2 : i+(a;) < ,3} > ^ ^ — - — ^ ' - '^ > s 

proving (|4.4I) . 

To prove (|4.6p . we observe that given an interval [a,b] C (— 1,cxd), Lemma [4.11 
Q gives 

dimpjx e 9pil : i~ {x) e [a, &]} < dim^jx G Sfirf : i^(a;) G [a, 6]}/(l -f- a) 

1 + fe d-(/?) 
< sup -. 

- l + a;3>-i 1 + /9 

For any e > we may cover the interval (— l,oo) with intervals [0^,6^]^^^ so that 
1 + bi < (1 + e)(l + fli) for aU i. Consequently, 

dinip(9pri n {x : i^ {x) > —1}) < supdimp(9pf2 fl {a: : i^ (x) G [0^,6^]}) 

ieN 

<(l + £) sup -j^. 
/3>-l 1+P 

Now (|i:B|) follows as £ I 0. D 

Remarks 4.3. a) Suppose that il is a John domain, p satisfies Assumption 12.21 and 
i~{x) > —1 for all x G dpH.. Then Theorem 14.21 gives a formula for calculating 
dimp(9pri) provided that sup^>_i (i+(/3)/(l -I- /3) and sup^>_i d~(/3)/(l -|- (3) coin- 
cide. In particular, this is the case if —1 < i^{x) = i+(x) for all x G dpi^. A similar 
statement is, of course, true for the packing dimension. See also the examples be- 
low. 

b) In general it is not possible to control dinipja; G dpH, : i^{x) < —1} in 
terms of dim^ja; G dpil : i^{x) < —1}. Let fl = B" and choose a continuous 
/: (0,00) -^ (0,00) such that Jf.^Qf{t)dt < 00 and log /(i)/ log i — s> — 1 as t | 0. 
Then it is possible to construct a Cantor set C C S^~^ such that dimd(C7) — 
and dimp(C) = 00 for p{x) = /(dist(a;, C)). See also [3J Proposition 7.1], where a 
similar type of example is considered. 
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In the following example, all four of the inequalities (|4.4p - (|4.7p hold with equal- 
ities. 

Example 4.4. Let n = Be(0, 1) C M" and let C C S"-^ be a Cantor set with 
diiJidC = s and Dinid C = t. Let /3 > — 1 and p{x) = d{x,C)^. Then dimp(C) = 
s/(l + 13), Dimp(C) = i/(l + /3), and dimp(5f]d \C) = Dinip(<9rJd \ C) = n - 1. 
Thus dimp(apri) = max{n - 1, s/(l + /3)} and Dimp(apO) = maxjn - 1, i/(l + ^)}. 

Below, we construct an example to show that all inequalities in Theorem 14 . 2 1 can 
be strict. 

Example 4.5. There exist domains 51 and densities p such that all four of the 
inequalities (|4.4l) - (j4.7l) are strict. 

Let 51 — {{x,y) G R^ : y > 0} be the upper half-plane and fix — 1 < g < s < 
p <0. Define Ak = {{n2'^'',2-^'') : n€Z}, Bk = {(n2-2'=+i, 2-2fc+i) : n e Z}, 
and Tfc = 2~^°*"^ for all fc e N. Then choose a continuous density p: 51 — > (0,oo) 
so that p{z) = 2-2fc9 if ^ e Afc, p{z) = 2-(2fc+i)P if ^ £ 5^, and p{z) = d(z)" if 
z e 51 \ (UfeeN Ua;gAfcUSfc Sd(a;, ?'fc))- Then i+{x) > p and i^{x) < q for ah x e dD,d- 
Thus 

sup d+(/3)/(l + /3)= sup I?+(/3)/(l + /3)<l/(l+p), 

/3>-l ;3>-l 

sup d-(/3)/(l + /3)= sup i?-(/3)/(l + /3)>l/(l + g). 
,g>-i i3>-i 

On the other hand, it is easy to see that dimp(9p51) — Dimp(9p51) = 1/(1 + s). 

Our next example shows that the claims ([T]) and ([2|) of Lemma 14.11 do not nec- 
essarily hold without the Assumption 12.21 

Example 4.6. Let < a„ < 1 be a sequence satisfying J2'^=i ^n < oo. We construct 
a Cantor set C C [0,1] with the following procedure: Let I0 — [0,1], £0 = 1, 
/o = [0, (1 - ai)/2], h = [(1 + ai)/2, 1] and 4 = (1 - ai)/2. Suppose n e N, 
i G {0, 1}", and that /i with diam(/i) — in has been defined. We then define 
inductively Jio and /n to be the subintervals of /i with length (.n+i = ^n(l — ctn)l2 
such that /lo has the same left endpoint as /i and /n has the same right endpoint 
as /i. We also denote by Ji the interval between /lo and /n. The (a„)-Cantor set 
C — C{an) is then defined as 

c=n u ^i- 

neNie{04}" 
For each n G N, we may choose < hn < in such that 

(4.8) 2"^y"/iy" < 1 . 

We also require that hn+i < hn- 

Next we define a density p on the upper half-plane H. For each n, and i S 
{0, 1}", let Ti and U± be the isosceles triangles with base J± and heights hn and 
/i„/2 respectively. For i = 0, we define T0 = {{x,y) ^ H : a; < and y < 
-2x} U {{x,y & H : a; > 1 and y < 2a:: - 2} and f70 = {(x^y) G H : {x,2y) G T}. 
We define 

f d{z)-\ ifzGUiC/i 
^^^^~\ d(z), ifz^UiTi, 

where the union is over all i G {0}U„gN{0, 1}" Moreover, we extend p continuously 
into the strips Ti \ U± such that it is monotone in the y-coordinate. 

It is now easy to see that dpH = C and that j+ = 1 on dpH. Since ^„ a„ < 00, 
it follows that C{C) > and thus in particular dimd(C) ~ Dimd(C) = 1. If 
n G N and i G {0, 1}", we can connect any two points oi C D I± by two vertical 
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n. 



Ik 



Figure 1. Three figures concerning Example 14.71 domain ft^ 
(left), construction at level fc + 1 (middle) and enumeration of the 
segments (right). 



segments of length /i„ and the horisontal segment between their tops such that 
apart from endpoints, these segments lie completely outside UiTi. This implies 
diamp(Cn/i) < /i^ +€„/i„ < 2f„/i„ and thus for each n, there is a covering of dpH 
by 2" sets of p-diameter 2^„/i„. Combining with (14. 8p and letting n — >■ cx) yields 
diinp{dpH) = Di-mp{dpH) = 0. This shows that the claims ([1]) and 1^ of Lemma 
14.11 are not valid. 

The final example of this section shows that neither the estimates ©-((ll) of 
Lemma St] nor (I4.6p - (j4.7p of Theorem 14.21 need hold if il is not a John domain. 

Example 4.7. We construct a snowfiake type domain fi C M^ that does not satisfy 
© nor dH) of Lemma im 

To begin with, we fix < s < 1/2 and let < ai < 1/2. We start with 
an equilateral triangle with sides of length Iq — 1 and replace the middle ai-th 
portion of each of the sides by two segments of length li — {1 — ai)/2. We continue 
inductively. At the step k, we have 3 • 4'^ segments of length Ik and we replace 
the middle a^-th portion of each of these segments by two line segments of length 
Ik+i = ^fc(l — afe+i)/2, see Figure[T] The numbers ak are defined so that 

(4.9) ak+i=ll-^'{l-ak+i)/2. 

Observe that a^ 4' as fe — > oo. We denote by fifc the domain bounded by the line 
segments at step k and define fi = U^gN^fc- We denote by S C dV,d the part of 
the boundary that joins two vertexes of the original equilateral triangle and does 
not contain the third vertex. For notational convenience, we consider only points 
of E. This does not affect the generality as dild \ E consist of two translates of E. 
For a; G E, we let a{x) G {1,2,3,4}^ denote its coding or "address" arising from 
the enumeration of the segments in each level as in the Figure [T] Note that this 
address is unique outside a countable set of points. 

Next we define p{z) — d{z)^^^^ for all z £ fl and consider the set A — {x & T, : 
a{x) G {2, 3}^}. It is easy to see that there are numbers < Z^i < i?2 < c)o, so that 
dimd(^) = Di — DiiRdiA) and dim.d{dQd) — D2 — T)ivi\d[d^d) (actually Di = \ 
and D2 = 2 but this is not essential). If we show that 

(4.10) dimp(A) = Dimp(A) = Di/s, 

then it follows that the claims ([3]) and Q of Lemma 14. II do not hold. Observe that 
i^ix) = i+{x) = -1/2 for all x G dVtd. 
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Figure 2. Selection of the "base point" z in Example 14.71 



Let X ^ A and y E ild and choose the smallest fc G N so that Ik < 2d{x,y). Let 
z be as in Figure [2j i.e. z is the "base point" of a cone of Jl^ with "side- length" l^ 
which is closest to x. Then 

oo oo 

rfp(x, z) < CO ^ a-i/2/y2 ^c^Y, ll_^ < dl < rc^dix, yy. 

n—k n—k 



Here the first equality follows from (|4.9p and the former estimate holds because 
lk/4: < Ik+i < ?fc/2 for all /c e N. By a similar argument, it follows that dp{z,y) < 
C2^fe < C3d{x,yy. Thus dp{x,y) < cd{x,yy. On the other hand, it is clear that 
dp{x,y) > C4^^ > c'd{x,yy, since a[x) S {2,3}'*'. Thus, we have c'dp{x,y) < 
d(x,yy < cdp{x,y), in other words Bp{x,c'r) C Bd{x,r'') C Bp{x,cr), for all 
X E A and y d fid where the constants < c' , c < cxd are independent of the points 
X and y. The claim (|4.10p now follows from Lemma [ 



Remark 4.8. Suppose that A C {x E dpfl : i^{x) > {3} has the following accessi- 
bility property for some 1 < A < — 1//3: For each x £ dild there are < r, c < oo 
such that for all y G Bd{x,r) n A there exists a curve 7 joining x and y so that 
d{-({t),dVtd) > cmin{i^,(^(7) - t)^} for ah < i < £(7). Then the proof of 
Lemma l4.ll with trivial modifications implies (1 -f A/3)dimp(A) < dimd(A) and 
(1 + A^) Dimp(A) < Dimd(A). On the other hand, if for each a; e _B C {x e 9pfi : 
i^{x) < /3} there are < r,c < 00 so that for all curves 7 with 7(0) = x we 
have d{j{t),dnd) < ct^ for < i < r, then we get (1 + X/3)dimp{B) > dimd(B), 
(1 -I- Xf3)Dim.p{B) > Dimd(i3). The previous example shows that these estimates 
are sharp. 

5. CONFORMAL DENSITIES 

The results in the last section, are based on estimates of the quantities i^(x) 
and i^{x) which are defined as internal limits when ft 3 y ^ x £ dfld- This causes 
a lack of the generality; it is quite possible that i^{x) — and i~{x) = —1 for 
all X G dild- (For instance, choose (3 = —1, A = in the forthcoming Example 
16.31 ) However, if we have additional information on the geometry of {flp,dp), 
then it might be enough to consider the ratios log p{y) / log d{y) along some fixed 
curves or cones. The purpose of this section is to show that this is the case for so 
called conformal densities which arise naturally in connection with conformal and 
quasiconformal mappings and their generalisations, see [2]. 

A density p on B" is called a conformal density if there are constants 1 < cq, ci < 
00 such that for each x G B" and for all y G Be{x,d{x)/2) we have 

(5.1) Co 1 < piy)/pix) < Co, 
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and moreover, 

(5.2) fip{Bp{x,r))<cir" 

for all r > 0. Here ^p is the raeasure given by fJ.p{E) = J^ p" (i£" for i? C B". In 
the literature, (|5.1I) is often called the Harnack inequality, and one refers to (|5.2|) 
as a volume growth condition. An important corollary of the conditions (|5.1|) - (|5.2p 
is the following Gehring-Hayman type estimate: There exists 1 < c < oo such that 

(5.3) c-^dp{x,y)< [ ' p{{l-t)x)dt+ [ p{{l~t)y)dt<cdp{x,y) 

Jt=a Jt=o 

for all x,y € dpM"-. See [21 Theorem 3.1] and also [6 . 

Motivated by this estimate, we consider variants k~ and fc+ of the quantities i~ 
and i+ for a density p on B" at X G S*"^^. Recall that fc^(a;) = liminfrfi logp(r2:)/log(l- 
r), and k'^{x) — limsup^-^j^ logp(r'x)/log(l — r). Occasionally we also use k~ and 
fc"*" when J7 = H is an open half space and then the limits are considered along 
straight lines orthogonal to the boundary of H. The reduction to k^ is possible 
since (15. 3p is a much stronger condition than the Assumption 12.21 that was used 
earlier for the same purpose. 

In the following result we only assume that (j5.ip and (j5.3p hold. Thus, the result 
applies to a slightly larger collection of densities than the conformal densities. See 
|12j . and also Example 16.31 to follow. 



Theorem 5.1. Suppose that p is a density on B" that satisfies the conditions (j5.ip 
and dO])- Let (3 > -1, 

Ac{xe 9pB" : k+{x) < (3}, 

Bc{xedpM" ; k-{x) >/3}, 

C c{xedpM'' : k-{x) </3}. 

Then 

(1) (l + /3)dimp(A)>dimd(A), 

(2) (l + /3)dimp(B)<dimd(B), 

(3) (l + /3)Dimp(A)>Dimd(A), 

(4) (l + /3)Dimp(B)<Dimrf(B), 

(5) (l + /3)Dimp(C) >dimd(C). 

Proof. The claims ©-(HI) have proofs very similar to the proofs of the correspond- 
ing statements of Lemma 14.11 We first apply (|5.3p to conclude that for each x € A 
and y G B" \ Bd{x, r), we have 

dp{x, y) > c~i / p{{l - t)x) dt > c-i / t'> CQr^+' 
Jt=o Jt=o 

if s > /3 and r > is small. This implies dia,ind{Bp{x,r)) < cir^/*^^+''^ and the 
claims dD) and ^ now follow by Lemma 13.21 (0) . 

To prove ^ and (g]), let s < /3 and for n G N, denote 

Bn^{xeB : p((l - t)x) < t' for aU < t < 1/n}. 

Using (|5.3p . we find tq > so that 

r<i{x,y) 

dpix,y) <C2 / t' <C3dix,yy+' 

Jt=o 

whenever X, 2/ G i3„ and d{x,y) < tq. In other words, diamp{Bd{x,r)r]Bn) < C4r-'^+'' 
when < r < rl^''^~^'\ Now the Lemma [221 © implies (1 + s)dimp(B„) < 
dimd(i3„) and (1 + s)Dimp(S„) < Dimrf(i3„). Note that it is enough to as- 
sume Hminfr^o(log(diamp(i?d(a;,r') n A)))/(logr) > S in Lemma [221 HI) (since 
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dima^B"!^) = dim(^A,dp){A) and DimQ^M"{A) = Dim(^^rf^)(A)). The claims ^ 
and (|H) now follow since B = U„gN and s < /3 is arbitrary. 

It remains to prove ([S]). Let a; e C and s > /3. Then there is a sequence < r; 4, 
such that p((l — ri)x) > rf for all i. Combined with (jS.ip . this gives 



l+s 



e((l-t)a;)dt > c^rl 



and using also (J5.3I) . diam^ (_Bp (x, cgrj^'')) < r^. Thus 

logdiamd(Bp(a;,r)) 1 

hm sup > 



rio log r l + s 

and (O follows from Lemma [321 © • □ 

Remarks 5.2. a) Using the claims ((I|)-(I11) of Theorem l5.1l one may derive multifrac- 
tal type formulas completely analogous to (j4.4p - (|4.7p . Using ([S]), we have moreover, 

that Dimp{dpBd{0, 1)) > sup^>_;^ ^T+p 'where 

(5.4) e'(/3) = dimddx £ dpEaiO, 1) : fc-(a:) < /?}). 



Example 16.21 shows that this is sharp in the sense that one can not replace dim^ by 
Dim^ in defining e~{/3) even if p is a conformal density. 

b) We formulated the above result for densities defined on B". The same proof goes 
through for any John domain ft C M" if the condition (|5.3p is replaced by 

pd{x,y) rd{x,y) 

c'^dp{x,y)<l p(nx{t))dt+ I p{jy{t))dt<cdp{x,y), 

where ^^ is a fixed a-cone with 7a; (0) — x for each x £ dp^t. Actually, we could 
even weaken this in the spirit of (12. 2p and assume only that for all e > 0, we have 

rd{x,y) rd{x,y) 

dp{x, yf+' < / Phx{t)) dt + / p{-fy{t)) dt < dp{x, yf~' 

Jt=0 Jt=Q 

when d{x, y) is small enough. 

c) Makarov \^ Theorems 0.5, 0.6] proved results essentially similar to Theorem 1 5. II 
(IT])-® in case /? > and p = |/'| for / conformal. He also showed |9j Theorem 
0.8] that k~ cannot be replaced by fc+ in ([2]). 

d) In P], Bonk, Koskela, and Rohde proved the following deep fact. If p is a 
conformal density on B", then: 

(5.5) There is £■ C 5""^ with dini^ ^ = such that dimp(5pB" \E) <n. 

See [2^, Theorem 7.2]. As a central tool, they used an estimate analogous to Theorem 
15.11 ([2|). In fact, combining Theorem 15.11 ([2]) and [2j Theorem 5.2] gives a simpler 
proof for (15. 5p than the one given in [5]. However, their result is quantitatively 
stronger than (|5.5|) . 

e) A generic situation in which Theorem 15.11 is stronger than Theorem 14.21 will be 
discussed in Example 16.31 



6. Further examples, remarks, and questions 

We first give the example mentioned in Remark l5.2l e) showing that one can not 
replace dim^j by Dim^ in defining e^(/3). We will make use of the following lemma. 
We formulate it in a more general setting, for future reference. 
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Lemma 6.1. Let il C K" be a {2a)-John domain and C C dfld- Suppose that 
p: (0, oo) — >■ (0, oo) is nonincreasing and and satisfies L p{t)dt < oo. Define p{x) = 
p{d{x, C)) for X £ Cl. Then for all x £ C and < r < d[amd{^)/2, it holds 

(6.1) dianid (Bp (x, ^ f p{t)dtj j < 2r, 

/•C2r 

(6.2) diamp{Bd{x,r)) <ci p{t)dt 

Jt=o 

for some constants < Ci,C2 < oo that depend only on a and n. 

Proof. Let x £ C and y £ fi^. Denote d — d{x, y) and suppose that 7 is a curve 
joining x and y. To prove (j6.ll) . it suffices to show that 

(6.3) ip{l)>\l Pit)dt. 

Let h = h{"f) = maxo<t<Ld(7(t)) where L = i{j). Then £p{'-f) > ^Jf^QP{t)dt + 
\dp[h). li h> d the estimate (|6.3p clearly holds, li h < d, then dp{h) > /^^^ p{t)dt 
since p is nonincreasing and consequently 

]>{r)dr + dp{h)\ >\ [ p{t)dt. 




This settles the proof of (|6.1I) . 

To prove (J6.2I) . let a; € C and r > 0. We use Lemma [3.31 to cover Bd{x, r) with 
sets Ba{xi, cr), i ~ I, . . . ,N — N{n, a). Let y € Ba{xi, cr) and pick an a-cigar 7 
with ^(7) < cr joining y to Xi. Now 

(6.4) dp{y,Xi)< p{d{z,C))\dz\<2 p{at)dt^- p{t)dt. 

J J Jt=o " 7t^o 

As Bd{x,r) is (path-)connected and is covered by TV sets of the type Ba{xi,cri), 
we arrive at dia,mp{Bd{x, r)) < (AN/a) J^^ pit) dt proving the claim. D 

Example 6.2. We show that dim^ cannot be replaced by Dinic; in (|5.4p even if p is 
a conformal density. 

We first fix numbers < a < 6 < 1/2, — 1<A<77<0, and £, such that 

(6.5) a^+^ = 6^+" = t 
and 

(6.6) -log2 <log^ < -ilog2. 

Let us also pick natural numbers ni < A^i < ^2 < iV2 < ^3 < N3 < We 

let C C S^ denote a Cantor set constructed as follows (See the construction in 
Example 14.61) . We start with an arc of length 1 and remove an arc of length 1 — 2a 
from the middle. Next, we remove arcs of length a(l — 2a) from the middle of the 
two remaining arcs. We iterate this construction for ni steps. After these ni steps, 
we have 2"^ arcs of length a"^ . At the step ni + 1, we remove arcs of relative length 
1 — 2b from the middle of each of these arcs. We continue the construction with 
the parameter b for TVi — rii steps. Then we use again the parameter a for n2 — Ni 
steps and so on. We denote by Ek.i . . . , £'^,2'' the arcs remaining after k steps and 
denote by ik the length of these arcs. What remains at the end is the Cantor set 
C = HfceN ^i^i Ek,i- 

Let ro = Ri = 1, n = £n, = a"S i?2 = ^w^ = a"i5^i-"S r2 = C^ = 
gni+n2-Nii^Ni~ni g^^^ g^ ^^^ Thus T^ (rcsp. Ri) is the length of a construction 
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interval of C of level rii (resp. iVi_i). We define p{x) ~ p(dist(a;, C)) for all x G B^, 
where p is the function defined by 

Now, if Ni/riijUi^i/Ni -^ oo fast enough, it is easy to see that dinidC = 
— log 2/ log a and Dinid C — — log 2/ log b, see e.g. (THl p. 77] . Moreover, it then fol- 
lows that k~{x) = A if a; e C and k~{x) = otherwise. Next, let hk = /^^q p{t) dt. 
Since 

(6.7) p{h)h = e' 

for all k (combine (|6.5p with the definitions), it follows that 

^e" = ^P(4)4 < / p(t) < p(4+i)4 < aV(4)4 = a^e'. 

Thus 

(6.8) iC'</ifc= J2 / P(^)rf<<coe'- 

From Lemma l6. 11 it follows that for each / = Ik^i we have 

(6.9) cihk < diamp(/) < C2hk 

for some constants < ci < C2 < oo. Let p be the natural probability measure on 
C that satisfies p{Ik,i) — 2^*^. Then 

jjj^ logM(4-,») ^ -log 2 
fc^oo log(diamp(/fe.i)) (1 + A) log a' 

using (EH) and (HJ]). But this implies dimp(C) = Dimp(C) = (-log2)/((l + 
A) log a), see e.g. [U Proposition 10.1] and 3, Corollary 3.20]. Thus, 

i^n- (n\ n- (qI\ -log2 ^ -log2 Dimrf(C) 
1 < Dimp(C) = Dmip(5 ) = -; — < -; — = ; — 

'^^ ' '^^ ' (1 + A) log a (l + A)logfo 1 + A 

Dimrf({a: g dpBdjO, 1) : k' jx) < /?} 

/3>-l 1 + P 

recall (|6.6|) . 

It remains to prove that p is a conformal density. The condition (15. ip is clearly 
satisfied so we only have to verify (|5.2p . We show this for x £ C and < r < 1 
(the general case x £ B^ follows easily from this). Using (|5.ip we may also assume 
that r — hk for some A; G N. For each m > k, we denote 

A,n = {y e Bd{x,C3h) ■■ 4i < d{y,C) < CgC}- 
Then Bp{x,hk) C Um>fcAm, for a suitable constant 1 < C3 < oo, recall (|6.9p . 
Moreover, it follows from ([511]) and ([121) that 04^""/^™ < /9(y) < csr"/^™ for all 
y G Am, where < C4 < C5 < 00 depend only on a, 6, A, and rj. Since £^(Am) < 






-kt2r. 
p Ul^ \ CJZ, 

I A„ 

As 2^2 < 1 by (H^, this yields 

Mp(Sp(x,/ifc)) < Y. Pp{A^) <crY, 2"-^-^"™ < csC'" < cg/i^, 

m~>k m'>k 

where the last estmiate follows from 
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Below, we construct a "multifractal type" example and calculate the HausdorfF 
dimension of the boundary using Theorem 15.11 

Example 6.3. We construct a domain and a conformal density that satisfies Gehring- 
Hayman condition (j5.3|) and compute the Hausdorff dimension of the boundary. 

We define a density p on the upper half-plane iJ C M^ (actually we define p{z) 
only for z G [0, 1] x (0, 3] but the definition is easily extended to the whole of 
H). Let — 1 < /?, A < 0, /3 7^ A. We consider the triadic decomposition of [0,1]; 
Let I0 = [0,1], /o = [0,1/3], h = [1/3,2/3], and h = [2/3,1]. If n G N and, 
i G {0, 1,2}", let Iio,Iii,Ii2 denote its triadic subintervals enumerated from left to 
right. For each such triadic interval / = /i, let Qi = I x []/],3]/]]. Next we define 
weights Pi inductively by the rules p0 ~ 1 and pio = Pi2 = 3~'^pi, pn = 3~^pi. 

Let p: [0, 1] X (0, 3] — > (0, 00) be a density such that p{xi) ~ pi if xi is the centre 
point of Qi. We also require that the condition (|5.1I) holds with some cq < 00. This 
is possible because of the symmetric definition of pi: If h and /j are neighbouring 
intervals of the same length, then 3^1'^^'^' < Jpi/pj] < 3l''^'^l. 

We will next show that the Gehring-Hayman condition (|5.3p holds for the density 
p. Let x,y € [0, 1] with y — x = r > Q. Let 71, 72, and 73 be the line segments 
joining (x, 0) to [x,r), [x,r) to {y,r), and (j/,r) to (2/,0), respectively. Then a 
direct calculation using the definitions gives 

p{z) \dz\ < ci r t-'"{^-^} ^^'"^l dt < C2rp{x,r), 
71 Jt=o f ^^' ' 

p{z)\dz\<c, f t--i^^^}-^^dt<c,rpiy,r). 

73 "'4=0 ^ 

Combining these estimates with (j5.ip . we obtain 

(6.10) C3^p(70<^p(72)<C4^p(7») 

for i = 1,3. The condition (15. 3p is satisfied if we can show that Ipij) > c£p(72) for 
any curve joining x and y in H. Denote h = h{'-f) = maxo<t<f(.^) d{'y{t)). li h < r, 
it follows that £p(7) > c£p (72) since p is essentially decreasing on each vertical line 
segment. More precisely using (|5.3p and the definitions of the weights pi, we get 

(6.11) p{a,tb)>C5p{a,b) 

if (a, b) G [0, 1] X (0, 3] and < i < 1. Now suppose that h > r and let z — 7(^0) 
where to = min{t > : d{j{t)) = r}. If ^(2,72) < r, it follows easily from (|5.ip 
that ^p(7) > c£p{j2)- If d{z,'-f2) > r, let -q be the line segment joining z to the 
closest point of 72. Then (|6.11l) implies ip{^) > c^^piri) > c£p (72) where the last 
estimate follows using (|5.ip . This settles the proof of (|5.3p . 

We will next compute the Hausdorff dimension of the boundary. Let < i < 1 
and denote At = {x € [0, 1] : k-{x) = k+{x) = i/3 + (1 - t)X}. Then 



Ix^^^Xii * : 



At^ {x^y a;,3"* : Xi G {0, 1, 2} and lim #{1 <i<n : x^^ l}/n = t} ) 

I iSN ) 

Using this expression, we get 

(6.12) dimd(Af) = Dimd(^t) = — . 

logo 

Indeed, if pt is the unique Borel probability measure on [0, 1] that satisfies pt(/ii) 
tptih) and ptiho) = f^t{Ii2) for all triadic intervals /i, then we have 

^^^ \og PtiiBdix,r)) _ -nogt+{t^l)logiil~t)/2)) 

r-4,0 log r log 3 

and this implies (|6.12l) . For instance, see [U Proposition 10.4]. 
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Thus, from Theorem 15. II and (|6.12p . wc get 

fa^^^ a- (a\ n- (a\ -tXogt + {t -l)\og{{l -t)/2) 

(6.13) dim,(A,) = Dmv(AO = (i + ,^ + (i _ ,)a) log3 ' 

If /(/3, A) is the maximum of (I6.13P over all < t < 1, then we conclude that 

Dimp(api/) > diYnp{dpH) > /(/3,A). 

To finish this example, we show that for the Hausdorff dimension, there is an 
equality in the above estimate. We give the proof in the case (3 < X, the case X < 13 
can be handled with similar arguments. First, we observe using Theorem 15.11 ^ 
that 

dimp{{k-{x) > (3/3 + 2A/3}) < 1/(1 + (3/3 + 2A/3) < f{(3, A), 

where the strict inequality is obtained via differentiating (j6.13|) at t = 1/3. On the 
other hand, if t > 1/3, and A^" = {x € [0, 1] : k-{x) < t/3 + (1 - t)X}, then 

v4(" = {x = ^a;j3~' : limsup#{l < i < n : Xi = l}/n > t}} 

and thus dimd{Af/) < {~t\ogt + {t — l)log((l — t)/2))/log3. To see this, observe 
that 

liminf ^^Sf'tiB^i'^^r)) ^ -tlogt + jt - l)log{{l - t)/2)) 

riO log?' ~ log 3 

for all X g A^ and use 4, Proposition 10.1]. Now, using the analogue of (j4.6p for 
k~ implies dimp{dpH) < f{(3,X), and consequently diiRpldpH) = f{(3,X). 

Remarks 6.4. a) One can estimate the numbers f{(3,X) numerically. For instance, 
if ^ = -1/2 and A = -1/3, then /(/?, A) w 1.65. 

b) Inspecting (j6.13p . it is easy to see that 

max{l/(l + /3/3 + 2A/3), log 2/((l + A) log 3)} < f{(3, A) < 1/(1 + min{/3. A}) 

for all choices of (3 and A. 

c) If above (3,X > —1/2, then it is not hard to see that p satisfies (|5.2p and thus is 
a conformal density. 

We do not know if also Diinp{dpH) < f{(3, A): 

Question 6.5. In Example 16.31 is it true that D[inp(dpH) = f{(3, A)? 

We cannot use Theorem 15.11 to solve this question since it can be shown that 
Dim^da; : k~{x) = min{/3. A}) = 1. 

It is true that dimp(9pB") > n — 1 for all conformal densities p defined on B". 
This deep fact was proved in [Tj . A straightforward estimate using Theorem 15.11 
and (|5.ip only implies that dimp(9pB") > c(n, cq) > 0, where cq is the constant in 
(15. ip . See also Proposition 7.1]. Next we provide an example of a density p on 
the upper half-plane H such that Dimp(9p-ff) = and dimrf(R \ dpH) = 0. 

Example 6.6. We construct a density with Diinp{dpH) = and dimc;(R\9piJ) — 0. 

Given an interval / C M, let Tj and Ui be the isosceles triangles with base / and 
heights \I\ and |/|/2 respectively. Denote Sj =Ti\Ui. 

To begin with, let /i,/2, . . . be disjoint intervals so that C = M.\ Uli forms a 
Cantor set (a nowhere dense closed set without isolated points). Moreover, we 
assume that ^jdiamd(7i) < 1. Let p{x) = exp{—l/d{x)) if x £ H \ UiTj.. We 
define p on each strip Si- so that 

(6.14) ^p(7) > 1 
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for any curve joining Ui- to H \ Tj. . We also require that p extends continuously 
to the lower boundary F/. of Si^ (excluding the two endpoints of li) and that 

(6.15) ipij) = ^ 

if 7 is a curve on Sj. whose one endpoint is an endpoint of li . We remark that the 
condition (|6.15p as well as the condition (16.171) below, are only used to ensure that 
the assumption (|A2[) is satisfied. 

Now for each x,y £ C with d{x, y) — d > 0, we have 

dp{x,y) < 2 / cxp{-l/t) dt + dcxp{-l/d) < 3exp(-l/d). 
Jt=o 

Thus, for each n G N, there is (5 > such that dp{x, y) < d{x, y)" ii x,y G C and 

d{x,y) < S. By Lemma [XTl this implies Dimp(C) = 0. 

We continue the construction inside the triangles Ui^ . We choose intervals Ii,j C 

li so that Ci = Ii\ Ujli.j is a Cantor set and 

(6.16) ^diam<i(/,,,)i/2<l. 

We define p{x) — fi{x)exp{~l/d{x)) on Ui \ LijTj.^ where fi{x) is a continuous 
weight that is bounded if x is bounded away from the endpoints of li . Close to the 
endpoints of li , we make fi so large that 

(6.17) ^p(7) = oo 

if 7 is a curve on [//. whose one endpoint is an endpoint of li. Also, we define p on 
the strips S"/. so that analogues of (|6.14p and (|6.15p hold. As above, we see that 
Dimp(Ci) = b for aU i. 

We continue the construction inductively inside the triangles C//. . . At the step 
n, we obtain Cantor sets Cn.i with Dimp(C„.i) = 0. At the end, dpH will be the 
union of all these Cantor sets. Replacing the exponent 1/2 in (|6.16p by 1/n at the 
step n implies that dim(i(M \ dpH) — 0. 

It would be interesting to know, if the analogy of (15. 5p for the packing dimension 
holds. 

Question 6.7. If p is a conformal density on B", does there exist a set A C S"'~^ 
with DimdiA) = such that Dimp(S'"-i \ A) < n7 
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